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Development of underground rock engineering structures at
great depths is a challenging issue for underground engineers.
Deep rock masses are characterised by zonal disintegration that is
known as a zonal periodic structure around excavated rocks.
The zonal structure of fracturing has been discovered in the
drilling-and-blasting processes of openings and in experiments.
The zonal disintegration phenomenon around the tunnels in the
Witwatersrand gold mines in South Africa at depths of 2000e
3000 m was initially observed with a periscope (Cloete and Jager,
1972). Subsequently, the zonal disintegration phenomenon was
widely observed in the surrounding rock mass in deep gold mines
in South Africa (Adams and Jager, 1980). Similarly, the zonal
disintegration phenomena have also been discovered in the Tai-
myrskii and Mayak mines in Russia (Shemyakin et al., 1986a).
Shemyakin, who ﬁrst studied the zonal disintegration phenomenon
of deep rock masses in 1986, obtained satisfactory results via in situ
observations (Shemyakin et al., 1986b). After that, great efforts have
been continuously made to understand the zonal disintegration
phenomena as a type of failure mode of deep rock masses.and Soil Mechanics, Chinese
sevier
hanics, Chinese Academy of
rights reserved.The complex development of a quantitative theory regarding
the phenomenon of zonal disintegration is determined by the ne-
cessity to simulate the behaviour of a medium that has the prop-
erties of elastic deformation (non-fractured zones around a
working zone) and of fracture. In the physical perspective, the
formation of fracture zones (macrocracks) depends on the presence
of microdefects in a medium. Rock masses without pre-existing
macrocracks can basically be regarded as the materials with only
microcracks. During tunnel excavation, microcracks may nucleate,
grow and propagate through the rock matrix. Then, secondary
microcracks may appear, and discontinuous and incompatible rock
mass deformation may occur. The classical continuum elastoplastic
theory is not suitable for analysing the discontinuous and incom-
patible deformation of rock masses because this theory does not
consider the defects included in rock materials. Thus, novel ideas
and methods must be introduced to gain a better understanding of
the zonal disintegrationmechanism in deep rockmass engineering.
At present, different failure mechanisms and effects of zonal
disintegration phenomena around deep tunnels are obtained. The
hot issue concerned is the experimental observation that macro-
scopically uniform rock masses with defects develop localised (i.e.
non-uniform) deformation ﬁelds under uniform surface tractions.
The phenomenon of the localisation ofmacroscopic deformations is
themotivating force for the development of continuum theorywith
“higher gradients”. In the early 1960s, Toupin (1962) and Mindlin
(1964) proposed the strain-gradient theory, suggesting that en-
ergy depends on both deformations and the gradient of de-
formations. For the past 20 years, there has been a growing interest
in this theory inmechanics because of the successful applications of
this theory to the mechanics of materials. Traditional continuum
theories are not capable of solving such problemswithout the use of
length parameters that determine the scale of microstructures.
Numerous extensions of this theory have subsequently been
developed and used for various applications to investigate the
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well as challenging micro- and nano-scale issues. There are many
other gradient theories that have also received considerable atten-
tion in many engineering ﬁelds. However, in this paper, we do not
attempt to make a comprehensive comparison of the various
gradient theories; for such a comparison, the readers can refer to
other recent papers, e.g. the work of Chambon et al. (2004).
Investigations of themicrocharacteristics of variousmaterials by
physical methods are responsible for the introduction of concepts
such as dislocations, disclinations, vacancies, and other character-
istics of crystal structure defects in literature. From the perspective
of classical mechanics of continuous medium and non-equilibrium
thermodynamics, the characteristics for internal structure de-
scriptions introduced by different investigators clearly require an
extension of the kinematic basis of the theory. In the 1950s, the
natural kinematic variables for the models of defects observed in
the crystal structure of materials were demonstrated to be non-
Euclidean objects (Bilby et al., 1955; Myasnikov and Guzev, 2000).
The idea is introduced by abandoning the kinematics hypothesis of
the classical continuum model and suggests that the internal ge-
ometry of a material does not coincide with the geometry of the
observer’s Euclidean space.
The ﬁrst non-Euclidean continuum model (Myasnikov and
Guzev, 2000) to describe the stress-ﬁeld distribution around un-
derground workings with a round cross-section was formulated in
the framework of non-equilibrium thermodynamics. A modiﬁca-
tion of this model was presented by Guzev (2008). Variants of the
generalised elasticity classical theory in the framework of various
non-Euclidean models of continuous medium have been proposed
by many authors (Kadic and Edelen, 1983; Valanis, 1995; Ciancio
and Francaviglia, 2003; Guzev, 2010).
From a physical perspective, the geometric characteristics of
afﬁne-metric spaces are the internal variables and cannot be
measured directly. Therefore, the results of the non-Euclidean
theory can be veriﬁed in comparison with the results of other ap-
proaches. For this purpose, we use the strain-gradient theory
formulated by Toupin (1962) and Mindlin (1964). The non-
Euclidean theory and the strain-gradient theory deﬁne the inho-
mogeneous structures of the displacement and stress ﬁelds that are
different from the classical structures. The solutions also have a
critical behaviour with respect to the value of the external force.
When the external force does not reach the critical value, the so-
lution is provided by a monotonic function; when the critical value
is reached, the solution is calculated through oscillatory functions.
2. Strain-gradient theory
The ToupineMindlin theory assumes that the bulk Helmholtz
free energy JTM depends on the strain tensor Aij ¼ (vU i/vx j þ vU j/
vxi)/2 and on its gradients. For simplicity, we assume that the free
energy is equal to
JTM ¼ JTM

Aij;VA

(1)
where A ¼ Akk is the ﬁrst strain invariant.
The free energy can then be written as
JTM ¼ lA2

2þ mAijAij  GjVAj2

2 (2)
where l, m are the Lamé constants; and G is an elastic constant
associated with the gradient term.
The constitutive equations of the strain-gradient theory are
obtained from the condition under which the deformation of the
body minimises the total energy
R
JTMdV. This condition results in
the equilibrium equation:sik;k ¼ 0 (3)where sij ¼ ldijA þ 2mAij þ GdijDA.
Let us write the displacement ﬁeld in the form:
U ¼ Uclassic þW
W ¼ V4þ rotj
)
(4)
where the function Uclassic coincides with the elastic strain ﬁeld.
Then, the equilibrium equations are reduced to
V½ðlþ 2mÞwþ GDw ¼ 0
mDrotj ¼ 0
)
(5)
where w ¼ divW ¼ D4.
Now we have A ¼ Aclassic þ w and w is an additional ﬁrst
invariant. Thus, the invariant satisﬁes (l þ 2m)w þ GDw ¼ 0.
For a deep-level tunnel with a circular cross-section, the cylin-
drical coordinates (r,4) can be used for convenience. For the prob-
lem under consideration, the dependence on the polar angle 4 is
absent. Then, the equation for the additional ﬁrst invariantw¼w(r)
can be written in the following form:
v2w
vr2
þ 1
r
vw
vr
þ lþ 2m
G
w
r2
¼ 0 (6)
Eq. (6) is Bessel’s differential equation. The behaviour of the
solution w depends on the sign of G. If G is negative, i.e. G < 0, we
can obtain:
w ¼ cK0ðgrÞ
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ 2mÞ=jGj
p  (7)
where K0($) is the zeroth-order MacDonald function, and c is an
amplitude coefﬁcient.
The MacDonald function behaves monotonically. If G is positive,
i.e. G > 0, the solution is given by
w ¼ aJ0ðgrÞ þ bY0ðgrÞ (8)
where J0($) and Y0($) are the zeroth-order Bessel and Neumann
functions, respectively, a and b are the amplitude coefﬁcients. The
Bessel and Neumann functions have an oscillatory behaviour.
Hence, the sign of G deﬁnes the character of the solution w.
Let Zn(gr) denote any Bessel function or a linear combination
with constant coefﬁcients of Bessel functions of order n, we have
ZnðgrÞ ¼ fcKnðgrÞ; aJnðgrÞ þ bYnðgrÞg (9)
There is a relation between different Bessel functions in the
following form:
d½sZ1ðsÞ
ds
¼ kZ0ðsÞ (10)
where
k ¼
(
1 ðif Z0ðsÞ ¼ J0ðsÞ; Y0ðsÞÞ
1 ðif Z0ðsÞ ¼ K0ðsÞÞ
(11)
where s ¼ gr is considered.
This function allows us to construct solutions for non-classical
displacement, deformations and stresses. There is the unique
displacement ﬁeld Ur in cylindrical coordinates as follows:
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d2
r
þ kZ1ðgrÞ
g
(12)
where d1 and d2 are constants.
The non-classical deformations are given by
Ar ¼ vUr
vr
¼ d1 
d2
r2
þ k vZ1ðgrÞ
gvr
Aq ¼
Ur
r
¼ d1 þ
d2
r2
þ k Z1ðgrÞ
gr
9>>>=
>>>;
(13)
The non-classical stresses are calculated by
sr ¼ sr;classic þ 2m

k
vZ1ðgrÞ
gvr
 Z0ðgrÞ

sq ¼ sq;classic þ 2m

k
Z1ðgrÞ
gr
 Z0ðgrÞ

9>>>=
>>>;
(14)
Eqs. (12)e(14) indicate that the non-classical solutions for the
kinematics and the force characteristics have ageneral structure. This
structure is the sum of the classical solution and an additional term,
which is underlined in Eqs. (12)e(14). This term exhibits a critical
behaviour with respect to the phenomenological parameter G.3. Riemann non-Euclidean theory
If a rock mass contains defects, then the set of additional pa-
rameters 3ij must be introduced to describe its mechanical state.
The structure of the components of 3ij may be different. In the
classical theory of elasticity, the functions Aij satisfy the Saint-
Venant compatibility conditions. These functions include six
identities in three-dimensional (3D) space. These identities are
violated in the presence of defects. Let us illustrate this situation for
the case of a plane-strain approximation, which corresponds to a
model of a deep-level tunnel with a circular cross-section. There is a
unique function:
R
2
¼ 2 v
2 312
vx1vx2
 v
2 311
vx2vx2
 v
2 322
vx1vx1
(15)
Eq. (15) characterises the incompatibility of the components 3ij.
The theory of elasticity proves that the vanishing of R in a region is a
necessary and sufﬁcient condition for the equality 3ij ¼ Aij. If the
quantity in Eq. (15) does not vanish, i.e. Rs 0, there is a source of
elastic incompatibility (Eshelby, 1956). This quantity is critically
important when the state of the internal stress of a body is inves-
tigated because R is a natural source of the internal stress.
In a physical point of view, defects lead to changes in the in-
ternal stress and in the appearance of an incompatible component
3ij of deformation. From a mathematical perspective, R is the scalar
curvature of the Riemann tensor Rijkl. If Rijkl ¼ 0, the internal ge-
ometry of a body is Euclidean. When Rijkls 0, the geometry of the
body is non-Euclidean. For the plane-strain approximation, the
scalar curvature is the unique invariant of the Riemann tensor. The
minimal complete set of kinematic variables for the description of a
material with structural defects includes Aij, 3ij and R. The corre-
sponding extension of the elastic continuum model by introducing
3ij and R as additional parameters leads to the Riemann non-
Euclidean continuum model.
Considering an elastic body with defects and neglecting the
thermal effects, the bulk Helmholtz free energy is equal to
JNE ¼ JNE(Aij, 3ij,R). We write the bulk free energy in the form:JNE ¼ JA þJ 3þJA 3þJR (16)where JA and J 3are parameters dependent on Aij and 3ij, respec-
tively;JA 3characterises interaction of the ﬁelds Aij and 3ij; andJR is
a function of the scalar parameter R.
Because small deformations are considered in comparison of the
classical theory of elasticity, we assume that the functions JA and
J 3 are deﬁned by the ﬁrst and second invariants of their tensor
arguments and that JA 3depends on the invariants Akk and 3kk.
The constitutive equations of the strain-gradient theory and
those of the non-Euclidean theory can then be obtained by mini-
mising the total energy
R
JNEdV : The structure of the irrotational
displacement ﬁeld U and stress ﬁeld sij was analysed in Guzev
(2011). The displacement ﬁeld has the following form:
U ¼ Uclassic þ sVR (17)
where s is a constant.
We omit the calculation procedures and formulate the results
for the problem of the stress ﬁeld distribution around an excavation
with a circular cross-section in the plane-strain approximation
with the stress PN speciﬁed at inﬁnity. In this model, the problem is
given in a stationary formulation under the condition that sr ¼ 0 at
the boundary r ¼ r0. In polar coordinates, we can obtain the
following equation:
sr ¼ PN
 
1 r
2
0
r2
!
þ ðgþ b aÞ v
2R
vr2
þ g
r
vR
vr
sq ¼ PN
 
1þ r
2
0
r2
!
þ ðgþ bÞ v
2R
vr2
þ g
r
vR
vr
9>>>=
>>>;
(18)
where a, b, g are constant coefﬁcients.
It follows from Eq. (18) that the stress ﬁeld is the sum of the
elastic stress ﬁeld and an additional ﬁeld. The former is determined
in accordancewith Hooke’s law, and the latter is calculated through
the parameter of incompatibility R.4. Equation for the parameter of incompatibility
The parameter of incompatibility R has a clear geometric
meaning and coincides with the scalar curvature (Weinberg, 1972).
In the 3D case, this parameter is calculated in accordance with the
following relations:
R ¼ g ijRij
Rik ¼ R jijk ¼ g jlRlijk
R jijk ¼ RljgikþRikgljRlkgijRijglkþ
R
2
	
glkgijgljgik


9>>>=
>>>;
(19)
where Rij are the components of the Ricci tensor; gij¼ dij 2 3ij is the
internal metric tensor; and
gij is the inverse tensor to the tensor
kgijk.
The covariant components of the Riemann tensor Rijkl are
calculated in terms of the connection coefﬁcients Gij,k as follows:
Rlijq ¼
v
vxq
Gij;l 
v
vxj
Giq;l  gps
	
Giq;sGjl;p  Gij;sGql;p


(20)
Gij;k ¼
1
2

vgkj
vxi
þ vgki
vxj
 vgij
vxk

(21)
The standard formalism of non-equilibrium thermodynamics is
used to obtain an equation for the non-Euclidean parameter R
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the state equation can be written as follows:
sij ¼ r0
vU
v 3ij
J ¼ 2r0vU=vR
vD
vEij
¼ 1
T
 
sij  dijDJ þ
v2J
vxivxj
!
D ¼ Eij
vD
vEij
 0
9>>>>>>>=
>>>>>>>;
(22)
where r0 is the density, U is the material internal energy, and D is
the dissipative function. It is assumed that the dissipative function
is a homogeneous function of some order in regards to thermo-
dynamic forces (Kondepudi and Prigogine, 1998). To provide the
function non-negativity, we accept the linear relations between the
source and thermodynamic forces as follows:
Eij ¼ x
 
sij  dijDJ þ
v2J
vxivxj
!
(23)
where x is an non-negative phenomenological coefﬁcient, D is the
Laplace operator.
The exact equation for the scalar curvature, which was obtained
in formula (4.10) (Guzev, 2010), is shown as
dR
dt
¼ giqgljFlijq  2gisgqpEspRiq  2giqgjsEslRlijq (24)
where
Flijq ¼
vDij;l
vxq
vDiq;l
vxj
þgps
	
Gjl;pDiq;sþGiq;sDjl;p
Gql;pDij;sGij;sDql;p


2gqkgnmEkn
	
Giq;mGjl;pGij;mGql;p


Dij;l ¼
vEli
vxj
þvElj
vxi
vEij
vxl
9>>=
>>;
(25)
where Eij is given in Eq. (23).
Due to a small value of deformations, in the right-hand part
of the Eq. (24), we assume g js ¼ d js, whereas in the function
Flijq, we leave only the contribution containing derivatives of
Dij,l. In this approximation, Eqs. (19) and (20) can be written as
follows:
RiqzRjijqz
v2 3jj
vxivxq
 D 3iq þ
v2 3ij
vxjvxq
þ v
2 3jq
vxivxj
RzRqq
9>=
>; (26)
Then, the components Rij are calculated (Weinberg, 1972) as
follows:
R11 ¼ R22 ¼
R
2
R12 ¼ 0
9=
; (27)
As a result, Eq. (24) is written in the shortened form:
1
2
dR
dt
¼ DEkk 
v2Eij
vxivxj
 EkkR (28)5. Stationary equation for the scalar curvature
From Eq. (28), we can see that the stationary equation for the
scalar curvature can be written as
DEkk 
v2Eij
vxivxj
 EkkR ¼ 0 (29)
With the work of Guzev and Paroshin (2001), we obtain the
following equation for R in the following form: D2R g2R¼ 0. From
a mathematical point of view, its structure is similar to Eq. (29).
However, Eq. (29) clariﬁes the meaning of phenomenological pa-
rameters that are linked with the external load. A modiﬁed plas-
ticity model incorporating Eq. (28) has been developed in Galanin
et al. (2008). The model was numerically investigated in a simpli-
ﬁed plain-strain case and was found to show some threshold
behaviour. Below, we will construct an analytical solution of Eq.
(29).
The ﬁrst step is to rewrite Eq. (29) in the linear approximation
with respect to the parameter R. The source of incompatibility Eij is
calculated through sij, J. From Eq. (23), we see that v2Eij/vx ivx j ¼ 0.
Then, the quantity Ekk can be written as follows:
Ekk ¼ xðskk  2DJÞ (30)
In expression of the state in Eq. (22), we assume that the internal
energy U is the function of the entropy s, the internal deformation
tensor 3ij and the scalar curvature R as U ¼ U(s, 3ij,R). Because of
neglecting thermal effects, we can replace U ¼ U(s, 3ij,R) with the
Helmholtz free energy JNE ¼ JNE(Aij, 3ij,R) as follows:
sij ¼ r0
vJNE
v 3ij
J ¼ 2r0
vJNE
vR
9>>=
>>;
(31)
We set the free energy internal energy as the following
equation:
JNE ¼
lA
2
ðAkkÞ2 þ mAAijAij þ
l 3
2
ð 3kkÞ2 þ m 3 3ij 3ij  g Akk 3kk þ
mR
4
R2
(32)
where lA, m 3, g, mR are the phenomenological parameters. Let us
introduce the internal deformation tensor 3ij, which is deﬁned by
the following relation:
Aij ¼ 3ij þ dijf (33)
From Eqs. (15) and (33), we obtain the following equation for
determining f if the scalar curvature R is given:
Df ¼ R
4
(34)
Let us transform the expression for the ﬁrst and second in-
variants of the tensor Aij, i.e.
ðAkkÞ2 ¼ ð 3kkÞ2 þ 6 3kk f þ 9f 2
AijAij ¼ 3ij 3ij þ 3kk f þ 3f 2
)
(35)
The substitution of Eq. (35) into Eq. (32) results in the following
equation:
JNE ¼
l1ð 3kkÞ2
2
þ m1 3ij 3ij þmf 3kk þ

3lA
2
þ 9mA

f 2 þ mR
4
R2
(36)
M.A. Guzev / Journal of Rock Mechanics and Geotechnical Engineering 6 (2014) 180e185184where
l1 ¼ lA þ l 3
m1 ¼ mA þ m 3 g
m ¼ lA=2þ 6m 3 3g
9=
; (37)
We choose
f ¼ n
m
R
m2 ¼ mR þ ð6lA þ 36m 3Þ
m2
n2
9>=
>; (38)
and write Eq. (36) in the following form:
JNE ¼
l1
2
ð 3kkÞ2 þ m1 3ij 3ij þ nR 3kk þ
m2
4
R2 (39)
From Eqs. (31) and (39), we obtain the following expression for
the stress tensor sij and J:
sij ¼ dijðl1 3kk þ nRÞ þ 2m1 3ij
J ¼ 2n 3kk þ m2R

(40)
The invariant 3kk is equal to
3kk ¼
skk
3l1 þ 2m1
 3nR
3l1 þ 2m1
(41)
Eq. (40) allows us to ﬁnd
3ij ¼
1
2m1

sij  dijðl1 3kk þ nRÞ

(42)
The combination of Eqs. (41) and (42) with Eq. (15) results in the
following equation:
l1 þ 2m1
2m1ð3l1 þ 2m1Þ
Dskk ¼
2n
2m1ð3l1 þ 2m1Þ
DR R
2
(43)
The function J is presented in the following form:
J ¼ 2nskk
3l1 þ 2m1
 6n
2R
3l1 þ 2m1
þ m2R (44)
Hence, the linear approximation of the expression EkkR with
respect to the parameter R is written as follows:
EkkR ¼ xskkR (45)
The combination of Eqs. (43) and (44) with Eq. (30) results in the
following equation:
DEkk ¼

8nm1
l1 þ 2m1
DR 16n
2
3l1 þ 2m1
m1
l1 þ 2m1
D2R
 3l1 þ 2m1
l1 þ 2m1
m1R

þ

 2m2 þ
12n2
3l1 þ 2m1

D2R (46)
The further reduction of the Eq. (46) is linked with choosing the
parameter m2. Supposing m2 ¼ 6n2/(3l1 þ 2m1), we can obtain the
following equation:
DEkk ¼ xm1qðhD 1Þ2R
q ¼ 3l1 þ 2m1
l1 þ 2m1
h ¼ 4n
3l1 þ 2m1
9>>>=
>>>;
(47)The usage of Eqs. (45) and (47) allows us to write Eq. (30) in the
following ﬁnal form:
qm1ðhD 1Þ2Rþ skkR ¼ 0 (48)
The accuracy of obtaining Eq. (48) allows us to replace skk by the
following classical solution sclassic:
skk ¼ sclassic ¼ ð1þ n1Þðsr þ sqÞ ¼ 2ð1þ n1ÞPN ¼ P*N
(49)
where n1 ¼ l1/[2(l1 þ m1)] is an effective Poisson coefﬁcient.6. Stationary solution for the scalar curvature
From Eqs. (48) and (49), we see that R satisﬁes the following
equation:

hD
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r
 1

hDþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r
 1

R ¼ 0 (50)
Let us introduce R as solutions of the following system:

hD 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r 
R ¼ 0
hD 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r 
Rþ ¼ 0
9>=
>; (51)
It is easy to know that R is a linear combination of Rþ, and R:
R ¼ Rþ þ R. Then, the function f coincides with Rþ or R because
the corresponding equation for f, followed by Eqs. (34) and (38), can
be written in the following form:
Df  n
4m
f ¼ 0 (52)
From Eqs. (51) and (52), we see that the sign of n/4m deﬁnes a
solution. If P*N < qm1 ¼ ð1þ n1Þm1, the solution of Eq. (51) is pre-
sented through the following zeroth-order MacDonald function:
R1;þ ¼ c1K0
	
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g=h
p 

R1; ¼ c2K0
	
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2 gÞ=h
p 

g ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r
9>>>=
>>>;
(53)
In the case of P*N > qm1 ¼ ð1þ n1Þm1, the solution for the non-
Euclidean parameter is calculated through the Bessel, Neumann
and MacDonald functions of the zeroth-order as follows:
R2;þ ¼ a1J0
	
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gþ=h
p 
þ b1Y0	r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃgþ=hp 

R2; ¼ c3K0
	
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2þ gþÞ=hp 

gþ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P*N
.
qm1
r
 1
9>>>=
>>>;
(54)
Eqs. (53) and (54) demonstrate that the wavy behaviour of the
non-Euclidean parameter is monotonic. This behaviour depends on
the external force P*N and has a critical character with respect to
this force.7. Conclusions
We used the non-Euclidean theory and the strain-gradient
theory to describe the inhomogeneous structure of the stress
ﬁelds in a material. It is demonstrated that the constructed solution
M.A. Guzev / Journal of Rock Mechanics and Geotechnical Engineering 6 (2014) 180e185 185is the sum of the classical solution and an additional term (see Eqs.
(14) and (18)). This term has a critical behaviour with respect to the
phenomenological parameters. In the strain-gradient theory, the
constructed solution behaves monotonically when the phenome-
nological parameter G < 0. If the parameter G > 0, the solution
contains wavy terms. In the non-Euclidean theory, the critical
behaviour is deﬁned by the value of the external loading force.
When the external load does not reach a critical value, the con-
structed solution behaves monotonically. When the critical value is
reached, the solution contains wavy and monotonic terms. Hence,
both theories were found to result in identical conclusions.
The non-Euclidean theory provides an opportunity to clarify the
meaning of the elastic constant G associated with the gradient term
of the ToupineMindlin theory. This constant is linked with the
critical value of the external force P*N and with the localisation sizeﬃﬃﬃ
h
p
of the non-Euclidean theory. The proposed analysis allows us to
link the non-Euclidean parameter with the observable Euler strain.
From a physical perspective, we simulated the behaviour of a
medium that has classical elastic properties and non-classical
properties. This simulation provides us with an opportunity to
use models to describe different rock phenomena, including zonal
disintegration and the anomalous deformation of rock samples. The
corresponding application was proposed in Guzev (2010).
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